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Abst rac t - - In  the present paper, we introduce a new class of functions, defined by using certain 
fractional calculus operators, which are analytic in the open unit disk. A necessary and sufficient 
condition for a function to belong to such a class is obtained. The various other results presented 
here include the radii of close-to-convexity, starlikeness, and convexity, and some distortion theorems 
involving fractional integrals and fractional derivatives. Several special cases of our results are also 
pointed out. 
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functions, Convex functions. 
. 
Denote by ~'(n)  the class of functions of the form: 
f ( z )=z+ ~ asz k, 
k=n+l 
which are analytic in the open unit disk 
INTRODUCTION AND DEF IN IT IONS 
(ak _> 0; n E N), (1.1) 
H = {z:  z E C and Izl < 1}. 
Let Sx,mn(n, a, a)  be the subclass of functions f (z)  in ~-(n) which also satisfy the inequality: 
(1.2) 
(0 < A < 1; 0 < c~ < 1; 0 < a < 1; # , r /E  N; # < 2; A - r /<  2; #- r /<  2), 
where, for convenience, 
era(),, •, n) = r(1 - ,  + m)r(1 + n - A + m) (1.3) 
r(1 + m)r(1 + v - ~ + m) 
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The operator j A,~,~ occurring in the defining relation (1.2), is the fractional derivative operator 0~Z ' 
given by Definition 2 below (see [1]). 
DEFINITION 1. Let a • R+ and f~, r /•  R. Then, in terms of the familiar (Gauss's) hypergeometric 
function 2F1, the fractional integral operator I2 '~'n is defined by O,z 
/o ( Z-°~-fl (Z - -  ¢ )o~-1  f(~) 2F1 a + f~, -r/; a; 1 - dr, (1.4) z f,, s(z) = r-gay 
where the function f(z)  is analytic in a simply-connected region of the z-plane containing the 
origin, with the order 
I ( z )  = O(Izl ), (z 0), (1.5) 
for 
r > max{0,/3 - r/} - 1, (1.6) 
and the multiplicity of (z - ~)a-1 is removed by requiring log(z - ~) to be real when z - ~ > O. 
DEFINITION 2. The fractional derivative operator J~,f'v is defined by 
joa,•,n = \ r (1 -a )  Jo ( z -¢ ) -a / (~) '2F l  (13-~,1 -T l ;1 -a ;1 -~)  d~) 
(0<a<l ;  ~,7/• R), 
(1.7) 
where the function f(z)  is analytic in a simply-connected region of the z-plane containing the 
origin, with the same order as given by (1.5), and the multiplicity of (z - ~)-~ is removed by 
requiring log(z - if) to be real when z - ~ > O. 
The operators I~,f ''~ and J~,f'" include (as their special cases) the Riemann-Liouville and 
Erddlyi-Kober operators of fractional calculus [2,3]. Indeed, we have 
I~,~ ~'0 f(z)  = oDz a f(z),  (a • R+); (1.8) 
Or ~, r /  a ,z f(z)  = 0D z f(z),  (0 < a < 1); (1.9) 
/a,0,~/ a,~ 
O,z f (z)  = E~, z f(z), (c~ • R+; ~/• R); (1.10) 
j~,~,,7 zf(z)  Eo,,~'" f(z) q- (oL -- ~'~ 1-c,,0 = 't] 0,z y(z), (a < 0; r /•  R). (1.11) 
The theory of fractional calculus operators has found deep access into the realm of the theory of 
analytic functions. The Riemann-Liouville fractional calculus operators [4] and their various other 
generalizations [2,3] have fruitfully been applied in obtaining, for example, the characterization 
properties, coefficient estimates and distortion inequalities for various subclasses of analytic and 
univalent functions. For numerous references on the subject, one may refer to the recent works 
by Srivastava nd Owa [5,6]. This paper is devoted to the study of a new class S~,m~(n,a,c~ ) 
of functions which we have defined above. Some results connected with this class of functions, 
including the characterization property, the radii of close-to-convexity, starlikeness, convexity, 
and distortion inequalities, are obtained. In the process of our investigation, we are led also to 
the corrected forms of some results given recently by Altinta~ et al. [7] for the class 5V~(n, a, a), 
where 
.T'x(n,g,a) = 3x,x,n(n,g,a), (0 < a < 1; 0 <_ A < 1; 0 < g < 1; n E N). (1.12) 
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2. A CHARACTERIZAT ION PROPERTY 
We begin by proving the following theorem. 
THEOREM 1. A function f (z )  in Jr(n) belongs to the class 8~,,,,(n, a, a) if and only if 
oo  
E l+a(k -#- l )  1-#a-a  (2.1) 
k=n+l  q~k()~' la 'r] )  ak ~_ (~l( )~, /Z, / / )  , 
where Cm(A, #, r/) is given by (1.3). The result is sharp. 
PROOF. Let f (z )  C £;~,,,~(n,a,a). Then, by applying the formula [1, p. 415, Lemma 3]: 
j~, , , ,  z~ = F(1 + ~)F(1 - # + ~ + ~) 
0,z r (1  - ~ + ~)r (1  - ~ + ~ + ~) z~-" '  (2.2) 
(0_<A< 1; #,~ E ll~; ~ > max{0,#-~}-  1), 
and the inequality (1.2), and then performing some elementary calculations as in the work of 
Altinta~ et al. [7], we are led to the assertion (2.1) of Theorem 1. 
Conversely, suppose that the inequality (2.1) holds true. Then we obtain 
¢1('~, It' ~) Zt~-I { ( 1 -- Or) J''~'~'~O,z f ( )  + ,~..'~" "~+1'"+1'~+1 f(z) } -t- . C r o O ,z -- 1 
-- __ ~ (~ l (~ ' ]A ' f ] ) [ l+a(k_#_ l ) lakzk -1  
k=n+l Ck ()~' ]£' r]) 
oo 
< ~ ¢1(A,#,~?) [ l+a(k - . - l ) ]  aklzl k-1 
- Ck(~,~,~)  k=n+l 
<_ 1 - #a - a, 
under the conditions tated with (1.2). This implies that f (z)  • S:~,,m(n , a, a). 
It is easy to observe that the assertion (2.1) of Theorem 1 is sharp, the extremal function being 
given by 
f (z)  = z - (1 - #a - a) ¢n+1(*~,., ~)zn+l  ' (n • N). (2.3) 
[1 + a(n -  #)1 ¢1(A,#,~) 
In view of the relationship (1.12), a special case of Theorem 1 when A = # can be rewritten in 
the following corrected form. 
COROLLARY 1. [7, p. 2, Theorem 1]. A function f (z )  E Jr(n) is in the class Jr~(n,A,a) if and 
only if 
r(k + 1) [1 + A(k - 1 - 5)1 1 - A5 - a 
k=~+l r (k+l -5 )  ak<_ F(2 -5)  (2.4) 
The result is sharp. 
Our next result is contained in the following theorem. 
THEOREM 2. Let f (z )  defined by (1.1) and g(z) defined by 
g(z) = z - ~ bk z k, (bk >_0; nCN)  (2.5) 
k=n+l  
be in the same class $~,,,,,(n, a, a). 
Then the function h(z) defined by 
oo 
h(z )=(1-O) f (z ) - t -Og(z )=z-  ~ ckz k, 
k=n+l  
(ck := (1 -O)ak  +Obk >_ 0; 0 < 0 < 1; n E N) 
is a/so in the class S~,,,n(n, a, a). 
PROOF. The result follows easily by using (2.1), (2.5), and (2.6). 
(2.o) 
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3. DISTORTION THEOREMS 
We prove two distortion theorems (Theorems 3 and 4 below) involving the fractional calculus 
operators I~,~ '~ and J'a'~'n0,z , respectively. 
THEOREM 3. Let /?  E R+ and % ~7 E R such that ~/ < 2,/3 + ~ > -2 ,  and "r - 7 < 2. I f  n is a 
positive integer such that 
n > q'(/3 + 7/) 2, (3.1) 
and i l l (z)  E ~(n) is in the class S~,~,.(n,a,a), then 
P'~"f(z)o,z < Izl'-" (i+ l-#a-a ¢,(-/3,%~/)¢n+,(A,#,.) ) (3.2) 
-- ¢1(--f~, ")', 7]) 1-{- (T(n -- ]A) ¢1(~, ]A, 7]) tn+X(--~,~/,7)I~1" , 
and 
I'~"7'~If( z )O ,z > [Z[1-" (1 - -  1--  ]~0"-- ~ . (~1(--/3,"~,~')(~n+X(,~,~,7) ) 
- ¢1(-/3,%~) l+a(n -#)  (~1(~,]2,7])¢n+1(-/3,~',7]) Izl= ' 
( ze /g i f~/_<l ;  ze /4 -{0} i f - r> l ) ,  
where era(A,#,7/) is given by (1.3). 
PROOF. Under the hypotheses of Theorem 3, it follows from (2.1) that 
(3.3) 
[ l+a(n -~) ]  tn+I(A'#'7)  k=n+lE ak ~ k=n+l tk(A'#'7)  [1 +a(k -p -  1)1 ak, (3.4) 
which readily yields 
oo 
ak ~ I +o(~- , )  ¢~(~, , ,7 )  ' k=n+l 
(3.5) 
From (1.1), (1.4), and a known result due to Srivastava et al. [1, p. 415, Lemma 3], we have 
L~,7,n z 1-~ ( ~1 (--~, ")', 7]) o,z f ( z )= ¢1( -~,7 ,7)  1 -  ~ (3.6) 
k=n+l ~k(---~"~ ~)-~k-X )" 
Next we observe that the function O(k) defined by 
O(k)  - ¢x( -Z ,~,7)  = (2h-x (2  - ~ + 7)~-x  
tk(- f~,% 7) (2 - 7)k- ,  (2 + f~ + 7)k-X 
(3.7) 
is nonincreasing for integers k > n + 1, under the hypotheses of Theorem 3 including the con- 
straint (3.1). Thus, we obtain 
0 < O(k) < O(n+ 1) = ~1(-f~,%7) (3.8) 
-- (~n-bl (--~, ~, 7) " 
The desired distortion inequality (3.2) follows now from (3.5)-(3.8). 
The assertion (3.3) can be proved in a similar manner. 
The proof of the following distortion theorem would run parallel to that of Theorem 3. 
THEOREM 4. Let 0 < ~ < 1 and "I,T/E R such that ~/ < 2, 7 - ~ > -2 ,  and ~r - 7 < 2. gn  is a 
positive integer satisfying 
n > ~/(f~ - 7) 2, (3.9) - 
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and if f(z) E ~r(n) is in the class Sx,~,n(n, a, a), then 
and 
J,a'~'" f(z) Izl~-~ ~1 + 1 - #a - a 
o,~ -< ¢~(~, ~,,7) \ 1 + ~(n - ~) 
J a""0,, f(z) > [z{ ' -~  /e l _  1 -#a-a  . ¢,(j3,7, rl)¢n+l(A, #, r/) 
¢,(/~,7, r/ ~, 1 - J -{T(n-~) Cnq_l(/~,~,T]) ¢l(~k,]~,T]) 
(z E/4 if"/<_ 1; z E/4 - {0} if"[ > 1), 




In the special case when A =/~ and ~/= -/~, Theorems 3 and 4 would correspond, respectively, 
to Corollaries 2 and 3 below. 
COROLLARY 2. [7, p. 4, Theorem 3]. Ill(z) E 9r~(n,A,a), then 
Izl '+ .  [ (1 - A5 - a ) r (2  + #)r (n  + 2 - 5) zl .~. 
ID;'Y(z)l < r (2+~) ~,1+ [ l+A(n-5)]  r (n+2+~)r (2 -5 )  ] '  (3.12) 
(3.13) 
and 
I lx+. ( (1 - + . ) r ( .  + 2 -  ) 
[Dz~'f(z)l >- r(2 +.--------~ .1 - [fYkT~ T))I ~n+-~ V-fi~)~-2--~)Izl"., 
for # > 0 and n E N, and for all z E/4. 
COROLLARY 3. [7, p. 5, Theorem 4]. If f(z) E ~(n ,A ,a ) ,  then 
and 
Izll-~ ( [D~f(z)[ _< F~=~)  1 + (1 - A5 - a) r(2 - ~) r (n  + 2 - ~) [1 + A(n - 5)] r (~ + 2 - ~)r(2 - 5) Iz{n) ,
zl--~--~-"""~ ({¥TX~--~(1-;~6-a)V(2-")V(n+2-5) ) ID~S(z)l > r(2 1 - ~-TT-~-~_~) lz t~ , 
for 0 < # < 1 and n E N, and for a11 z E/4. 
(3.14) 
(3.15) 
4.  RADI I  OF  CLOSE-TO-CONVEXITY ,  STARL IKENESS,  
AND CONVEXITY  
A function f(z) in ~'(n) is said to be close-to-convex of order p in/4 if 
~{f ' ( z )}  > p, (4.1) 
for some p (0 < p < 1) and for all z E/4. 
If f(z) E Jr(n) satisfies the inequality: 
~f  z y'(z) / 
for some p (0 < p < 1), and for all z E/4, then f(z) is said to be starlike of order p in/4. On the 
other hand, if f(z) E ~'(n) satisfies the inequality: 
~ {1+ z f'(z) } 
f'(z-----~ > p' (4.3) 
for some p (0 < p < 1), and for all z E/4, then f(z) is said to be convex of order p in/4. 
It follows at once that f(z) e Jr(n) is convex of order p in/.4 if and only if z f'(z) is starlike of 
order p in/4 (for details, see [8]). 
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We now prove the following theorem. 
THEOREM 5. lf f(z) • Sx,mn(n,a,a), then f(z) is close-to-convex of order p in Izl < rl(A,# ,r}, 
a, a, p), where 
rl()%#,~7,a,a,p) = i~f [.(1- p) [l + a(k - # - l)] ¢l(A,#,~?) ] 1~(k-l) 
k (1 -- #a - cQ ¢-k(-~',~,, -) 




1 oo k zft(z) ( Zk=n+l (  -- 1)a k Izl k-1 
f(z) - 1 - ~k~+i  ak Izl k - '  ~ 1 - p, 
In view of (2.1), the assertion (4.8) is true if 
(k -p ) I z l  k-1 < [1 +cr(k -#  - 1)] ¢,(A,#,r/) 
1 -p  - (i - -pa--a)¢k(A,#,r l )  ' 
which obviously leads to (4.7). 
r3( A, #, ~?, a, a, p) = i~f r (1 - p) [1 + a(k - # - 1)1 ¢1(A,#,~) l 1/(k-l) 
t ~-~i - -~-~-7~; ,~ J ' (4.10) 
(k>n+l ;  nEN) ,  
and era(A, #, ~?) is given by (1.3). 
PROOF. Under the hypothesis of Theorem 7, f(z) is convex of order p in/4, provided that 
z f"(z) < ~-]k°°_-n+l k(k - 1) ak Izl * - '  
f '(z) - 1--~-~k°°=n+l kaklzl k-x < l -p ,  (0<p<l ;  z• /4 ) .  (4.11) 
By means of (2.1), it is easily seen that (4.11) holds true if 
k(k -p)  lzl k-1 < [ l+a(k -~-  1)]¢I(A,/~,n) (k>n+l ;  hEN) ,  (4.12) 
1 - p - (1 - #a - a)¢k(A, #, rl) ' - 
which yields (4.7). 
In their special case when A = #, Theorems 5-7 would correspond to the corrected versions of 
the analogous results of [7] for the class 3r,(n, A, a) given by (1.12). 
(0 < p < 1; z • u ) .  (4.8) 
(k > n + 1; n E N), (4.9) 
/t" f(z) E S.x,~,n(n,a,a), then f(z) is convex of order p in Izl < r3 (~,~,n ,a ,a ,p ) ,  
where ¢l(X,#,rl) is given by (1.3). 
PROOF. Let f (z)  E S~,mn(n, a, a). Then, by virtue of (4.1), the function f (z)  is close-to-convex 
of order p in/4, provided that 
k=n~+lkakzk-lr<-- k=n+l ~ kak[z 'k - l< l - -P '  (0<p<l ;  zE /4 ) .  (4.5) 
In view of (2.1), the assertion (4.5) is true if 
k[z[ k-] < [ l+a(k - / z -1 ) ]¢ l (A ,#, l} )  (k>n+l ;  hEN) .  (4.6) 
1 -p  - (1 -- #a -- a) ¢k(A, #, r}) ' -- 
Upon solving (4.6) for Izl, we get (4.4). 
THEOREM 6. I f  f (z)  E S~,u,n(n,a,a), then f (z)  is starlike of order p in Izl < r2(A,#,~?,a,a,p), 
where 
r2 (A,/~, r}, (r, ce, p) i~f (-k--- P)-0 -- ~a- -  a-)¢---k-~, p----,-~ j , (k > n + 1; n e N), [ 
(4.7) 
and era(A, #, r/) is given by (1.3). 
PROOF. Under the hypothesis of Theorem 6, f(z) is starlike of order p in/4, provided that 
Subclass of Analytic Functions 
REFERENCES 
19 
1. H.M. Srivastava, M. Saigo and S. Owa, A class of distortion theorems involving certain operators of fractional 
calculus, J. Math. Anal. Appl. 131, 412-420 (1988). 
2. R.K. Raina and M. Saigo, A note on fractional calculus operators involving Fox's H-function on space Fp,~, 
In Recent Advances in Practional Calculus, (Edited R.N. Kalia), pp. 219-229, Global Publishing, Sauk 
Rapids, MN, (1993). 
3. S.G. Samko, A.A. Kilbas and O.I. Marichev, l~ractional Integrals and Derivatives: Theory and Applications, 
Gordon and Breach Science, Reading, PA, (1993). 
4. K.S. Miller and B. Ross, An Introduction to the 1Wactional Calculus and l~ractional Differential Equations, 
John Wiley and Sons, New York, (1993). 
5. H.M. Srivastava nd S. Owa, Editors, Univalent Functions, I~5"actional Calculus, and Their Applications, 
Halsted Press/John Wiley and Sons, Chichester/New York, (1989). 
6. H.M. Srivastava nd S. Owa, Editors, Current Topics in Analytic Function Theory, World Scientific, Sin- 
gapore, (1992). 
7. O. Altinta~, H. Irmak and H.M. Srivastava, A subclass of analytic functions defined by using certain operators 
of fractional calculus, Compututers Math. Applic. 30 (1), 1-9 (1995). 
8. P.L. Duren, Univalent Functions, In Grundlchren der Mathematischen Wissenschaften, Volume 259, 
Springer-Verlag, New York, (1983). 
9. H.M. Srivastava nd P.W. Karlsson, Multiple Gaussian Hypergeometric Series, Halsted Press/John Wiley 
and Sons, Chichester/New York, (1985). 
